Abstract. In this paper we show that a smooth toric variety X of Picard number r ≤ 3 always admits a nef primitive collection supported on a hyperplane admitting non-trivial intersection with the cone Nef(X) of numerically effective divisors. In particular this means that X admits non-trivial and nonbig numerically effective divisors. Geometrically this guarantees the existence of a fiber type contraction morphism over a smooth toric variety of dimension and Picard number lower than those of X, so giving rise to a classification of smooth and complete toric varieties with r ≤ 3. Moreover we revise and improve results of Oda-Miyake [12] and , respectively, by exhibiting an extension of the above result to projective, toric, threefolds of Picard number 4. This allows us to classifying all these threefolds, and presenting sharp examples of smooth, projective, toric varieties of any dimension n ≥ 4 and Picard number r = 4 whose non-trivial nef divisors are big.
Introduction
Throughout the present paper a contraction morphism, or simply a contraction, is a surjective morphism with connected fibers ϕ : X → B between Q-factorial complete toric varieties. If dim(B) < dim(X) then ϕ is said of fiber type. Otherwise ϕ is a birational contraction. In particular a contraction is called
• a fibration f : X → B, if f exhibits X as a locally trivial, torus equivariant, fiber bundle over the base B, with fixed fiber F ; • a fibrational contraction if it is the composition f • φ of a birational contraction φ and a fibration f ; its base and fiber are the base and the fiber of the fibration f , respectively, and its exceptional locus is the exceptional locus Exc(φ) of the contraction φ; • a projective toric bundle (PTB) is the projectivization of a decomposable bundle over a smooth projective toric variety [6, § 7.3 ].
This paper is mainly devoted to prove the following:
Theorem 0.1. Let X(Σ) be a smooth and complete n-dimensional toric variety of Picard number 2 ≤ r ≤ 3. Then there exists a fiber type contraction ϕ : X B over a smooth complete toric variety B of dimension m ≤ n − 1 and Picard number r B ≤ r − 1 such that either B ∼ = P m or B is a PTB over a projective space of smaller dimension. In particular we get the following: Classification: if X is a smooth and complete toric variety of Picard number r ≤ 3 then one of the following cases occurs:
(1) r = 1 and X is a projective space; (2) r = 2 and ϕ : X → B is a fibration exhibiting X as a PTB over a projective space B ∼ = P m ; (3) r = 3 and ϕ : X → B is a fibration exhibiting X as a PTB over a smooth toric variety B of Picard number 2; by the previous part (2), B is still a PTB over a projective space, meaning that X is obtained from a projective space by a sequence of two projectivizations of decomposable toric bundles; (4) r = 3 and ϕ : X → B is a fibrational contraction over a projective space B ∼ = P m , with divisorial exceptional locus and fiber given by a projective space F ∼ = P n−m ; (5) r = 3 and ϕ : X → B is a fiber type contraction over a projective space B ∼ = P m , which is neither a fibration nor a fibrational contraction.
When n = dim(X) ≤ 3 the last case (5) cannot occur and ϕ : X → B is either a fibration or a fibrational contraction.
Let us first of all observe that in the previous statement the word complete is synonymous of projective, by a celebrated result of P. Kleinschmidt and B. Sturmfels [11] . The classification given in the second part of the statement descends from the first part by means, point by point, of the following considerations.
(1) The unique smooth and complete toric variety of Picard number (in the following also called rank ) r = 1 is the projective space. (2) For r = 2, the Kleinschmidt classification [10] exhibits every smooth complete toric variety of rank r = 2 as a PTB over a projective space. Alternatively this point can be obtained as a byproduct of considerations given for the following part (3).
(3) For r = 3, the Kleinschmidt classification has been extended by V. Batyrev to those smooth and complete toric varieties admitting a numerically effective (nef) primitive collection (see the following Definition 1.9) which is disjoint from any further primitive collection [1, Prop. 4.1] : this gives a PTB over a smooth toric base of Picard number r = 2. Recently, the fan's property of admitting a nef primitive collection disjoint from any further primitive collection, has been shown to be equivalent, in the projective setup, with the property of being maximally bordering for the corresponding fan chamber γ ∼ = Nef(X) of the secondary fan [15, Prop. 3.25] , where bordering means that γ has non-trivial intersection with a facet of the pseudo-effective cone Eff(X) and maximally means that this intersection has maximal dimension (see the following Definition 1.12).
Since γ ∼ = Nef(X) (see either the following Proposition 1.8 or, better, [6, Thm. 15.1.10]), non-trivial classes in Nef(X) ∩ ∂Eff(X) determine nef and non-big divisors whose associated morphisms give a fiber type contraction. Namely, on the one hand, the maximally bordering case dually determines an extremal ray of NE(X) whose contraction exhibits X as a PTB (see [ (5) On the other hand, the non-maximally bordering case exhibits an extremal ray of Nef(X), which turns out to be the pull back ϕ * (Nef(B)) by a rational contraction ϕ, according with [9, Prop. 1.11. (3)]. In particular considerations following [5, Prop. 2.5] prove that the associated rational contraction ϕ is actually regular. Moreover the bordering condition for γ = Nef(X) implies that ϕ is a fiber type contraction over a projective space B ∼ = P m , since dim(ϕ * (Nef(B))) = 1: further details clarifying the difference between (4) and (5) are given in § 3.2.(2).
Therefore the proof of Theorem 0.1 reduces to prove the following Theorem 1.13 Let X(Σ) be a smooth, complete, toric variety of rank r ≤ 3 and let γ Σ = Nef(X) be the associated chamber of the secondary fan. Then Σ admits a nef primitive collection P such that γ Σ is a bordering chamber with respect to the support hyperplane H P of P (see Def. 1.10), i.e. dim(Nef(X) ∩ H P ) ≥ 1 and H P cuts out a facet of the pseudo-effective cone Eff(X). In particular X admits a non-trivial nef and non-big divisor.
Let us first of all observe that the existence of a nef primitive collection P of Σ follows from [1, Prop. 3.2] . Then the statement is obvious for r = 1. For 2 ≤ r ≤ 3 the proof is obtained by means of Z-linear Gale duality applied to the geometry of the secondary fan, as developed in [17] and [15] . Commenting a first draft of the present paper, Cinzia Casagrande pointed out to us that Theorem 1.13 can be easily proved starting from the Batyrev's description of primitive relations of a smooth complete toric variety, as given in [1, Thm. 6.6]: we refer the interested reader to § 3.1 for the details. Nevertheless we believe that understanding techniques involved in the proof here presented is significantly easier than understanding the deep Batyrev's analysis of primitive relations given in [1, § 5,6] and needed to prove its Thm. 6.6. Moreover the former shed some light on the case of higher rank values, involving results whose holdness goes beyond the bound r ≤ 3, as for Lemma 3.1.
At this purpose let us notice that there is no hope of extending Theorem 1.13 for r ≥ 5: in [8] Fujino and Sato exhibited extremely ingenious examples of smooth projective toric varieties of any dimension n ≥ 3 and rank r ≥ 5 whose non-trivial nef divisors are big i.e. such that Nef(X) ∩ ∂Eff(X) = {0}. It remains then to understand what happens for:
• smooth complete and non-projective toric varieties of rank r ≥ 4: this problem can be easily settled by observing that the famous Oda's example of a smooth complete and non-projective toric variety [12, Prop. 9.4] , [13, p. 84] , exhibits a 3-folds of Picard number 4 whose Nef cone is a 2-dimensional one completely internal to the pseudo-effective cone, hence showing that every non-trivial nef divisor is big; this example can be easily generalized on dimension and rank; • smooth projective toric varieties of rank r = 4: a classical Oda-Miyake result [12, Thm. 9.6] , allows us to extend the statement of Theorem 1.13 to every projective toric threefold (i.e. smooth 3-dimensional variety) X of Picard number 4: see Theorem 4.1; in particular every such threefold turns out to admitting non-big and non-trivial nef divisors; consequently we get a classification in terms of fibred type birational contractions of all toric threefolds of rank r ≤ 4: see Theorem 4.2; based on such evidence, one might hope that Theorem 1.13 could be extended to the case of projective, toric n-fold of rank r = 4; unfortunately this is not the case and we give a sharp example of a projective toric 4-fold X of rank r = 4 such that Nef(X) ∩ ∂Eff(X) = {0}: see § 4.3; such an example can be easily generalized on every dimension n ≥ 4: see § 4.4.
We believe that the latter is an interesting improvement of Fujino and Sato results, since "in general, it seems to be hard to find those examples" [8, pg. 1] . Let us notice that we could produce a similar example only by means of Maple procedures stressing smoothness conditions and combinatoric analysis on the secondary fan by employing Z-linear Gale duality's techniques, as developed in [17] . We then performed a geometric analysis of such an example following [15] . Let us finally underline that the construction of examples in § 4.3 and § 4.4 show how much useful could be the employment of computational geometry techniques and routines in definitely setting open theoretic questions, against an often prevailing purist attitude snubbing techniques of this kind! The paper is organized as follows. After some preliminaries, in § 1 we state the main result Theorem 1.13. § 2 and § 3 are devoted to prove this theorem when r = 2 and r = 3, respectively. § 3.2 is dedicated to giving necessary details proving Theorem 0.1 starting from Theorem 1.13. In § 3.3 we discuss two examples giving all the possible situations occurring in the classification of Theorem 0.1. Finally § 4 is devoted to discuss the generalization of Theorem 1.13 to higher values of the Picard number.
Preliminaries, notation and the main result
In the present paper we deal with either Q-factorial or smooth projective toric varieties, hence associated with either simplicial or regular, respectively, complete fans. For preliminaries and used notation on toric varieties we refer the reader to [17, § 1.1]. We will also apply Z-linear Gale duality as developed in [17, § 2] . Every time the needed nomenclature will be recalled either directly by giving the necessary definition or by reporting the precise reference. Here is a list of main notation and relative references:
1.1. List of notation. Let X(Σ) be a n-dimensional toric variety and T ∼ = (C * ) n the acting torus, then if s = 1 then this cone is also called the ray generated by v 1 ; 
+ is a Gale dual cone of V : it is always assumed to be generated in F 1.2. Z-linear Gale duality. Let us start by recalling the Z-linear interpretation of Gale duality following the lines of [17, § 2] , to which the interested reader is referred for any further detail. Definition 1.1. A n-dimensional Q-factorial complete toric variety X = X(Σ) of rank r is the toric variety defined by a n-dimensional simplicial and complete fan Σ such that |Σ(1)| = n + r [17, § 1.1.2]. In particular the rank r coincides with the Picard number i.e. r = rk(Pic(X)). A matrix V ∈ Mat(n, n + r; Z), whose columns are given by generators of the monoids ρ ∩ N , for every ρ ∈ Σ(1), is called a fan matrix of X. ). An F -matrix is a n × (n + r) matrix V with integer entries, satisfying the conditions: 
.1).
There is a one to one correspondence between the following sets
For the following it is useful to understand the construction of such a correspondence. Namely (compare [6, Prop. 15.2.1]):
• after [2] , given a chamber γ ∈ A Γ let us call the bunch of cones of γ the collection of cones in F r + given by
• for any γ ∈ A Γ (Q) there exists a unique fan Σ γ ∈ PSF(V ) such that
• for any Σ ∈ PSF(V ) the collection of cones
is the bunch of cones of the chamber γ Σ ∈ A Γ given by γ Σ := β∈BΣ β.
Then the correspondence in Theorem 1.7 is realized by setting
. Therefore a regular fan determines a regular bunch of cones and viceversa.
As a final result let us recall the following
In particular, calling d : 
where Relint denotes the interior of the cone γ Σ in its linear span).
1.4.
Primitive collections and relations. Let V = (v 1 , . . . , v n+r ) be a reduced F -matrix and consider a fan Σ ∈ SF(V ). The datum of a collection of rays
and a submatrix V P of V . By abuse of notation we will often write
From the point of view of the Gale dual cone Q = Q , where Q = (q 1 , . . . , q n+r ) = G(V ) is a reduced, positive, REF, W -matrix, the subset P ⊆ {1, . . . , n + r} determines the collection P * = { q j1 , . . . , q j k } ⊆ Γ(1). By the same abuse of notation we will often write P * = {q j1 , . . . , q j k } = {Q P } .
The vector v P := k i=1 v ji lies in the relative interior of a cone σ ∈ Σ and there is a unique relation
This fact allows us to define a rational vector r(P ) = r(P) = (b 1 , . . . , b n+r ) ∈ Q n+r , where b j is the coefficient of the column v j of V in (5). Let l be the least common denominator of b 1 , . . . , b n+r . Then, If P is a primitive collection then it is determined by the positive entries of r Z (P) in (6) . For the details see [7, Lemma 1.8] ). This is no more the case if P is not a primitive collection. Recall that the transposed fan matrix V T and the transposed weight matrix Q T of a Gale dual Q = G(V ) are representative matrices of the morphisms div and d ∨ , respectively, in the following standard exact sequence
and in the dual sequence of it
which turns out to be the numerical equivalence class of the 1-cycle r Z (P ), whose intersection index with the torus-invariant Weil divisor lD j , where D j denotes the closure of the torus orbit of the ray v j , is given by the integer lb j , for every 1 ≤ j ≤ n + r. In particular, given a primitive collection P the associated primitive relation r Z (P ) is a numerically effective 1-cycle (nef) if and only if all the coefficients lb j in (6) are non-negative: in this case P will be called a numerically effective (nef ) primitive collection. Definition 1.10. Given a collection P = {V P }, for P ⊆ {1, . . . , n + r}, its associated numerical class n P ∈ N 1 (X) := A 1 (X) ⊗ R, defined in (9), determines a unique dual hyperplane
The following proposition gives some further characterization of a primitive collection. Proposition 1.11 (Prop. 3.2 in [15] ). Let V be a reduced F -matrix, Q = G(V ) be a Gale dual REF, positive W -matrix, Σ ∈ PSF(V ) and P ⊆ {1, . . . , n + r} such that P = {V P } is a primitive collection for Σ. Then 2 ≤ |P| = |P | ≤ n + 1 and the following facts are equivalent:
(1) P is a primitive collection for Σ, which is
Moreover the previous conditions (ii.1), (ii.2), (ii.3), (ii.4) are equivalent to the following one: (1) Let V be a reduced F -matrix and Q = G(V ) a REF, positive W -matrix. A collection P = {V P }, for some P ∈ P, is called bordering if its support H P cuts out a facet of the Gale dual cone Q = Q . (2) A chamber γ ∈ Γ(Q) is called bordering if dim(γ ∩ ∂Q) ≥ 1. Notice that γ ∩ ∂Q is always composed by faces of γ: if it contains a facet of γ then γ is called maximally bordering (maxbord for short). A hyperplane H cutting a facet of Q and such that dim(γ ∩ H) ≥ 1 is called a bordering hyperplane of γ and the bordering chamber γ is also called bordering with respect to H. A normal vector n to a bordering hyperplane H is called inward if n · x ≥ 0 for every x ∈ γ. (3) A bordering chamber γ ∈ Γ(Q), w.r.t. the hyperplane H, is called internal bordering (intbord for short) w.r.t. H, if either γ is maxbord w.r.t H or there exists an hyperplane H , cutting a facet of γ and such that
where n is the inward primitive normal vector of H .
Notice that a primitive collection P = {V P } is bordering if and only P is nef, i.e. r Z (P) is a numerically effective 1-cycle.
Theorem 1.13. Let X(Σ) be a smooth complete toric variety of rank r ≤ 3 (hence projective, by [11] ) and γ Σ ⊆ Mov(Q) be the associated chamber of the secondary fan. Then Σ admits a nef primitive collection P such that γ Σ is a bordering chamber with respect to the support hyperplane H P of P. In particular X admits a non-trivial nef and non-big divisor.
The case of Picard number r = 2
Let us start by proving Theorem 1.13 for r = 2. Let V = (v 1 , . . . , v n+2 ) ∈ Mat(n, n + 2; Z) be a reduced fan matrix of X(Σ) and Q = G(V ) = (q 1 , . . . , q n+2 ) ∈ Mat(2, n + 2; Z) be an associated positive REF weight matrix. Recalling the argument proving [15, Thm. 2.1], and revising the Kleinschmidt argument for classifying smooth and complete toric varieties of rank r = 2 [10] , up to left multiplication by a unimodular matrix and a possible rearrangement of columns, the W -matrix Q and the chamber γ Σ can be assumed to be in the following form (10)
as described in Fig. 1 . Then P := {v j | j ≥ j 1 + 1} is a primitive nef collection of Σ, whose primitive relation is given by the bottom row of Q. Moreover γ Σ is clearly maxbord w.r.t. the support hyperplane
3. The case of Picard number r = 3
The proof of Theorem 1.13 for r = 3 turns out to be significantly more intricate than the previous case r = 2.
Let us start by considering a nef primitive collection P = {V P } for a projective fan Σ ∈ PSF(V ), whose support is a plane H P ⊂ F 
Since this result holds for every r ≥ 1, we postpone its proof to the section §4 Let us now set B (γ Σ ) := {β ∈ B(γ Σ ) : |β(1) ∩ {Q P }| = 2}. Then we get the following Proof. Lemma 3.1 implies that |β(1) ∩ P * | = 2 for every β ∈ B(γ Σ ) \ B (γ Σ ). Then β = q i , q j , q with q i , q j ∈ P * and q ∈ H P . P is a primitive collection meaning that γ Σ ⊆ Q P \{i} ∩ Q P \{j} , by Proposition 1.11.(ii.4). In particular γ Σ ⊆ Q P \{i} ∩ β meaning that there should exist a column q such that γ Σ ⊆ q i , q , q , otherwise γ Σ would be included in the 2-dimensional cone q i , q , which is no possible (see Fig. 2 ). Analogously there should exist a column q of Q such that γ Σ ⊆ q j , q , q , so giving
Setting β 1 := q i , q , q , β 2 := q j , q , q ends up the proof.
For the converse, notice that x ∈ γ Σ implies x ∈ β∈B (γΣ) β. In fact, recalling relation (2) following Theorem 1.7, if x ∈ γ Σ then there exists β ∈ B(γ Σ ) such that x ∈ β. Then Lemma 3.2 gives two cones
Consequently, Corollary 3.3 allows us to conclude the proof of Theorem 1.13 by observing that the situation described in Fig. 3 cannot occur when Σ is a regular fan. In fact, consider β 1 = p 1 , q 3 , q 4 , β 2 = p 2 , q 1 , q 2 ∈ B (γ Σ ) with p i ∈ P * and q j ∈ H P , for 1 ≤ i ≤ 2 and 1 ≤ j ≤ 4. Since H P is a plane, q 3 ∈ q 1 , q 2 and q 1 , q 2 are linearly independent, then ∃ a, b ∈ Z : q 3 = aq 1 + bq 2 and ab < 0 . Let n be the inward normal vector to the facet of β 2 passing through p 2 , q 1 . Clearly the cone β 2 = p 2 , q 1 , q 3 belongs to B (γ Σ ). Then, recalling condition (4), the regularity of Σ imposes that
Analogously, β 1 = p 1 , q 2 , q 4 ∈ B (γ Σ ) gives q 2 = a q 4 + q 3 with a < 0. Then q 3 = aq 1 + q 2 = aq 1 + a q 4 + q 3 ⇒ aq 2 + a q 4 = 0 contradicting the positivity of both q 2 and q 4 .
3.
1. An alternative proof of Theorem 1.13. We are now going to sketch a proof of Theorem 1.13 assuming the Batyrev analysis of primitive collection given in [1, § 4, § 5, § 6]. First of all, let us recall that [7, Thm. 1.6] exhibits the Mori cone NE(X(Σ)) as the cone generated by the primitive relations of Σ. Dually this means that every hyperplane supporting a primitive collection either cuts out a facet of Nef(X(Σ)) = γ Σ or is a positive linear combination of some further supporting hyperplanes. When r = 2 bordering means maximally bordering and the Kleinschmidt classification and Batyrev's considerations given in [1, § 4] end up the proof. Let us then assume r = 3. Then [1, Thm. 5.7] shows that Σ admits either 3 or 5 primitive relations. In the first case, γ Σ turns out to be simplicial and [1, Prop. 4.1, Thm. 4.3] show that Σ is a splitting fan admitting a nef primitive collection, hence proving that γ Σ is (maximally) bordering. In the second case, [1, Thm. 5.7] shows that Σ has 5 primitive relations given by
with {v 1 , . . . , v v }, {y 1 , . . . , y y }, {z 1 , . . . , z z }, {t 1 , . . . , t t }, {u 1 , . . . , u u } disjoint subsets of columns of a fan matrix V of X such that v + y + z + t + u = n + 3 and b 1 , . . . , b t , c 1 , . . . , c z nonnegative integral coefficients. Therefore (13) = (12) + (14) and (15) = (11) + (14), showing that γ Σ is simplicial and bordering w.r.t. the support of the nef primitive relation (13).
3.2.
About the proof of Theorem 0.1. Given a nef primitive collection P = {V P } whose support H P cuts out a facet of Q = Q , Theorem 1.13 ensures that the chamber γ Σ of a regular fan Σ is bordering w.r.t. H P . When r = 3, there are three cases:
(1) γ Σ is maxbord w.r.t H P , which is dim(γ Σ ∩ H P ) = 2: in this case there exists a fibration f : X(Σ) → B over a smooth toric variety B of rank s = 2 and dimension m < n, hence B is a PTB over a projective space [10] , whose fibre F has rank r − s = 1, giving F ∼ = P n−m and proving part (3) of Theorem 0.1. As already mentioned in the introduction, the existence of f can be deduced as a consequence of one of the following considerations:
• as the morphism associated with the linear system of any non trivial divisor whose class is in γ Σ ∩ H P , which is clearly nef and non-big, • H P cuts out a facet of γ Σ = Nef(X(Σ)), hence dually determines the extremal ray of the Mori cone NE(X) generated by the inward normal vector n P , which is the numerical class of the primitive relation r Z (P): think of f as the contraction of n P , in the sense of Mori Theory, which is a fibration without any exceptional locus [14 ; in particular the pull back φ * (Nef(X )) = H ∩ γ Σ meaning that X has rank r − 1 = 2; there follows two possibilities: (a) φ is a blow up, hence Exc(φ) is a divisor and X is a smooth toric variety of Picard number r = 2: an example of this situation is given by γ 2 in Example 3.4 and Fig.5 ; applying part (2) of Theorem 0.1, X turns out to be a PTB over a projective space, giving a fibration f : X → B ∼ = P m with m < n; the composition ϕ = f •φ gives the fibrational contraction ϕ claimed in part (4) of Theorem 0.1; notice that this case can occur if and only if |{j : n · q j < 0}| = 1, which is, recalling (1), if and only if H cuts out a facet of Mov(X); (b) φ is a small contraction and H cuts out an internal wall of Mov(X), separating the two chambers γ Σ , γ Σ : therefore X(Σ) and X( Σ) are birational toric varieties isomorphic in codimension 1 i.e. they are connected by an elementary toric flip determined by an internal wall crossing [6, (15.3.14) ]; then there exists a further hyperplane H , cutting out a facet of γ Σ , such that
up to apply a finite number of such elementary flips we can assume that H cuts out a facet of Mov(X): Example 3.5 and Fig. 6 give an instance of this situation; we have then two possibilities -either H cuts out a facet of Q, which is γ Σ is maxbord and X is a weighted projective toric bundle (WPTB) X → B, as in [15, § 3.3] : in this case the base B is Q-factorial with rank 2 and it is still a WPTB B → P m over a projective space, -or X is a blow up of a WPTB X → B ∼ = P m , since X has rank r − 1 = 2; in any case, H P ∩ γ Σ is the pull back ϕ * (Nef(P m )) by a fiber type contraction morphism ϕ (see considerations following Prop. 2.5 in [5] ), so proving part (5) of Theorem 0.1; to ends up the proof we have to notice that Exc(φ) cannot be trivial, in fact
• if |{j : n · q j < 0}| = 0 then γ Σ would be maxbord w.r.t. H and we can apply the previous argument (1), by replacing H P with H , and obtaining Theorem 0.1.(3), • Proposition 1.11 gives |P | ≥ 2 and at least r − 1 = 2 columns of Q determines H , giving
finally notice that last case (b) cannot occur when n ≤ 3: in fact γ Σ is an internal chamber of Mov(X) bordering w.r.t. H P : the situation described in Fig. 6 may be useful to fixing ideas; then there exists at least 7 columns of the weight matrix Q, given by H P ∩ γ Σ = q 3 , two columns q 6 , q 7 determining the two facet of γ Σ meeting in q 3 , two further columns q 2 , q 4 determining two facet of Mov(X) and finally two columns q 1 , q 5 giving two facet of Q = Eff(X); then 7 ≤ n + r = n + 3 ⇒ n ≥ 4 ; (3) γ Σ is no intbord w.r.t H P ; since Theorem 1.13 implies that γ Σ is bordering w.r.t. H P , we are necessarily in the case represented in Fig. 4 , which cannot occur since P = {V P } is a primitive collection. In fact, if β = q, q i , q j ∈ B(γ Σ ) with q i , q j ∈ P * , q be a column of Q belonging to the intersection of H P with a further facet of Q, then Proposition 1.11.(ii.4) implies that γ Σ ⊆ Q P \{j} , contradicting the fact that γ Σ ⊆ β (see Fig. 4 ).
3.3. Examples. 
One can visualize the Gale dual cone Q = Q = F 3 + and Mov(Q) ⊆ Q as in Fig. 5 . Recalling [11] , PSF(V ) = SF(V ) and the latter is described by the only two chambers γ 1 , γ 2 of Mov(Q) represented in Fig. 5 . We get then two Q-factorial projective toric varieties X i = X i (Σ γi ) , i = 1, 2 , of dimension and rank 3: both X 1 and X 2 are smooth. Since r = 3, we are either in case (3) or in case (4) of Theorem 0.1.
For X 1 we are in case (3), being γ 1 maxbord with respect to both the hyperplanes H 2 : x 2 = 0 and H 3 : x 3 = 0. This fact can also be deduced by the weight matrix Q, which is essentially invariant (i.e. up to reordering the columns to still get a REF) with respect to the exchange of the second and the third rows. We get then two fibrations f : X 1 B and f : X 1 B , over smooth toric surfaces of rank 2, B , B , both geometrically given by the blow up of P 2 in one point, B ∼ = P (O P 1 ⊕ O P 1 (1)) ∼ = B . This fact allows us to exhibit X 1 as a sequence of two consecutive PTB in twofold way:
See [15, Ex. 3 .40] for further details. For X 2 we are in case (4) of Theorem 0.1, being γ 2 intbord and no maxbord with respect to both the hyperplanes H 2 and H 3 : we still get a symmetry giving rise to two isomorphic fibrational contractions X 2 P 2 . Let us consider the case of the primitive collection supported by H P = H 3 . Recalling notation introduced in § 3.2. (2), H is given by the hyperplane passing through q 3 and q 6 , corresponding to blowing down the divisor D 4 = O(v 4 ), so giving the contracting part φ : X 2 → B , over a toric projective threefold B of rank 2. This contraction can be described by performing the following operation on the fan and weight matrices:
• suppress the column v 4 in the matrix V , so getting
• suppress the column q 4 and the second row in the matrix Q, so getting Then B is the blow up of P 3 in one point, giving the geometric description of X 2 as the blow up of P 3 in two distinct points. The fibering part is then obtained by writing B ∼ = P(O P 2 ⊕ O P 2 (1)), so giving f : B P 2 , with fiber F ∼ = P 1 . We get then the fibrational contraction f • φ : X 2 → P 2 with fiber P 1 and exceptional locus D 4 ∼ = P 2 . Fig. 6 . Chambers γ 1 and γ 3 are totally maxbord and maxbord, respectively, so giving the following sequences of two consecutive PTB
Let us then focus on the case of chamber γ 2 : we get a fiber type contraction ϕ : X 2 → P 1 such that q 3 = ϕ * (Nef(P 1 )) where ϕ can be obtained in two ways:
• starting from the first fibration X 1 → P 1 in (16), whose fibre is locally isomorphic to P 1 × P 2 , contract a fibre P 1 of the fibration X 1 → B 1 and resolve the obtained singularity by a small blow up inserting an exceptional E ∼ = P 2 : this gives a fiber type contraction morphism X 2 → P 1 which is given by the fibration X 1 → P 1 in which one fibre is replaced by E × P 2 ;
• the same fibre type contraction ϕ can be symmetrically obtained from the third fibration X 3 → P 1 in (16), by proceeding in the same way.
What about r ≥ 4 ?
This section is meant to study any possible extension of Theorem 1.13 to higher values of the Picard number r ≥ 4.
Let us first of all observe that, on the one hand, Theorem 1.13 clearly holds in dimension 2 for any rank: in fact every smooth, complete, toric surface X is projective and if X ∼ = P 2 then there exists a morphism f : X → P 1 , so that f * O P 1 (1) is nef and non-big. On the other hand, let us recall that, in 2009, Fujino and Sato [8] produced a series of (counter-)examples, for every dimension n ≥ 3 and every rank r ≥ 5, of smooth, projective, toric varieties whose Nef cone is not bordering i.e. their nef divisors are all big divisors. Moreover in the case of complete and non-projective, smooth, toric varieties, the classical Oda's example [12, Prop. 9 .4], [13, p. 84 ] exhibits a complete, non-projective, toric threefold (i.e. smooth and 3-dimensional variety) of rank 4, whose Nef cone is 2-dimensional and no bordering. This example can be easily generalized in grater dimension by augmenting the multiplicity of suitable columns inside a weight matrix, as done in 4.4 for the example 4.3.
Therefore it remains to understand what happens for smooth, projective, toric varieties of dimension n ≥ 3 and Picard number r = 4.
On the one hand, the Oda-Miyake result [12, Thm. 9.6] allows us to conclude that Theorem 1.13 can be extended to the case of dimension n = 3 and rank r = 4: in § 4.2 we will consider in more detail this case, leading us to a classification of all threefolds with Picard number r ≤ 4 (see the following Theorem 4.2).
On the other hand, for n ≥ 4 there is no hope of getting a similar statement, due to counterexamples 4.3 and 4.4. Let us underline that it is quite hard to get these examples by means of purely geometric considerations, as also Fujino and Sato observed [8, pg. 1] . We discovered them with the help of Maple routines which enabled us to treating the combinatorics of the primary and the secondary fans. Unfortunately, we were not yet able to find time and willing of putting those routines in a sufficiently user-friendly shape: it is a work in progress. Anyway we can provide the raw Maple spreadsheet to anyone who was interested in.
The only property which can be arbitrarily generalized on the rank r is given by Lemma 3.1. In fact it holds for every r ≥ 1, provided the existence of a primitive nef (hence bordering) collection P = {V P } for a simplicial fan Σ: the latter is guaranteed for a regular and projective fan by Batyrev' results [1, Prop. 3.2] . Here is a proof.
4.1. Proof of Lemma 3.1. The support hyperplane H P ⊂ F r R ∼ = R r , of the primitive collection P, cut out a facet of Q = Q = Eff(X(Σ)). Let H be a hyperplane cutting out an adjacent facet of Q. Then H ∩ H P contains r − 2 linearly independent columns q 1 , . . . , q r−2 of the weight matrix Q. For every q j ∈ P * let H j be the hyperplane passing through q 1 , . . . , q r−2 and q j : then H j cuts out a facet of the cone Q P \{j} , which contains γ Σ by Prpoposition 1.11.(ii.4). Let n j be a non zero normal vector to H j such that (17) n j · x ≥ 0 for every x ∈ γ Σ . There certainly exists an index j 0 such that q j0 ∈ P * and n j0 · q j ≤ 0 for every q j ∈ P * . By absurd let β ∈ B(γ Σ ) be such that β(1) ∩ {Q P } = ∅. Then n j0 · p ≤ 0 for every p ∈ β(1). Since γ is r-dimensional n j0 · x < 0 for every x in the interior of γ Σ , against (17) (see Fig. 7 for a description of this situation when r = 3).
4.2.
Toric projective threefolds of Picard number 4. In the following threefold means a smooth and 3-dimensional variety. As a consequence of [12, Thm. 9.6] one gets the following Proof. Let X(Σ) be a projective, smooth, toric, variety of dimension n = 3 and rank r = 4. If X is not the blow up of a smooth toric variety of lower rank, then [12, Thm. 9.6] ensures the existence of a smooth, projective, toric surface B of rank 3 and such that
. This means that, calling f : X B the canonical fibration,
Therefore γ Σ is maxbord w.r.t. a hyperplane H, which turns out to be the support of the primitive nef collection P = {V P }, where P ⊂ {1, . . . , n + r} counts the columns of Q not belonging to H. We can then assume X → X (Σ ) to be the blow up of a projective, toric threefold X of rank 3. Then Theorem 1.13 applies to X exhibiting a nef, primitive collection P of Σ such that Nef(X ) = γ Σ is bordering w.r.t. the support hyperplane H P of P i.e. dim(γ Σ ∩ H P ) ≥ 1. Notice that |P| ≤ 3 otherwise one can easily obtain X ∼ = P 3 , against rk(X ) = 3. Let V ∈ M(3, n + 3; Z) be a fan matrix of X . Then a fan matrix of X is given by V = (V |v), where v is the ray associated with the exceptional divisor E of the blow up. In particular for every cone σ ∈ Σ either σ ∈ Σ or v ⊆ σ σ ∈ Σ . This is enough to show that P can't be contained in any cone of the fan Σ. Moreover, for every j ∈ P , consider a cone σ ∈ Σ such that P\{v j } ⊂ σ . Then either σ ∈ Σ or there exists σ ∈ Σ such that P\{v j }∪{v} ⊂ σ, since |P\{v j } ∪ {v}| ≤ 3. Then P turns out to be a primitive nef collection of Σ, too. Let H P be its support hyperplane in Cl(X) ⊗ R ∼ = R 4 : clearly H P cuts out a facet of Q since P is nef. Moreover dim(γ Σ ∩ H P ) = dim(γ Σ ∩ H P ) ≥ 1, showing that γ Σ is bordering w.r.t. H P .
The previous Theorem 4.1 and Theorem 0.1 allow us to obtain the following classification of threefolds with Picard number r ≤ 4.
Theorem 4.2. Let X(Σ) be a toric, projective threefold of Picard number 2 ≤ r ≤ 4. Then there exists a fiber type contraction ϕ : X B over a smooth projective toric surface B, whose Picard number r B ≤ 3, such that either B ∼ = P 2 or B is (possibly a blow up of ) a PTB over P 1 . In particular we get the following: Classification:
(1) r = 1 and X ∼ = P 3 ; (2) r = 2 and ϕ is a fibration exhibiting X as a PTB over P 2 ; (3) r = 3 and ϕ : X → B is a fibration exhibiting X as a PTB over a smooth toric surface B of Picard number 2, which is still a PTB over P 1 , meaning that X is obtained from P 1 by a sequence of two projectivizations of decomposable toric bundles; (4) r = 3 and ϕ = f •φ is a fibrational contraction over P 2 such that φ : X → X is a blow up and f exhibits X as a PTB, X ∼ = P(O P 2 ⊕ O P 2 (a)), for some a ≥ 0; (5) r = 4 and ϕ : X → B is a fibration exhibiting X as a PTB over a blow up B of a Hirzebruch surface P(O P 1 ⊕ O P 1 (a)), for some a ≥ 0, (6) r = 4 and ϕ = f • φ : X → B is a fibrational contraction over a smooth toric surface of Picard number 2, such that φ : X → X is a blow up and f : X → B is a PTB over B ∼ = P(O P 1 ⊕ O P 1 (a)), for some a ≥ 0; (7) r = 4 and ϕ = f • φ is a fibrational contraction over P m , with m = 1, 2, such that φ = φ • φ is a double blow up of a toric threefold X and f exhibits X as a PTB over P m .
Proof. Cases from (1) to (4) are precisely the 3-dimensional occurrence of the same cases in Theorem 0.1. Let us then assume r = 4. Theorem 4.1 ensures that the chamber γ Σ can be assumed to be bordering w.r.t. the support hyperplane H P of a nef (hence bordering) primitive collection P = {V P }. The hyperplane H P cuts out a facet of
On the one hand, if dim(Nef(X)
, where B is a smooth toric surface of rank 3 and O B (D) ∈ Pic(B). In particular B turns out to be the blow up of a Hirzebruch surface P(O P 1 ⊕ O P 1 (a)), for some a ≥ 0, so giving part (5) in the statement.
On the other hand, if dim(Nef(X) ∩ H P ) ≤ 2 then [12, Thm. 9.6] implies that X has necessarily to be a blow up of a toric threefold X of rank r = 3 and Theorem 0.1 applies to X . Since dim(X ) = 3 we have only to consider cases (3) and (4) in Thm. 0.1. The former gives part (6) in the statement and corresponds to having dim(Nef(X) ∩ H P ) = 2. The latter gives part (7) in the statement and corresponds to having dim(Nef(X) ∩ H P ) = 1. Given a fan Σ i ∈ SF(V ), 1 ≤ i ≤ 10, let γ i = Nef(X(Σ i )) be the associated chamber of the secondary fan. Then we get 6 , w 4 smooth γ 6 = q 6 , q 7 , w 2 , w 3 singular γ 7 = q 3 , q 6 , w 3 , w 4 smooth γ 8 = w 1 , w 2 , w 3 , w 4 , w 5 smooth γ 9 = q 4 , q 6 , w 2 , w 4 smooth γ 10 = q 6 , w 2 , w 3 , w 4 smooth where Q = (q 1 , . . . , q 8 ) and 
A geometric description of X can be obtained by observing that γ 1 is a maxbord chamber w.r.t. 
There exists a unique fan Σ ∈ SF(V ) and B = B(Σ ) turns out to be a blow up in one point of P 1 × P 1 . Let e be the exceptional P 1 of the blow up and h 1 , h 2 be the strict transforms of the generators of Pic(P 1 × P 1 ). Then
By observing that the pseudo-effective cone Q is symmetric w.r.t. the hyperplane of F 4 R passing through q 5 , q 7 , q 8 and the origin, we obtain at least two isomorphic ways of describing the toric flip X 1 X, which is an isomorphism in codimension 1. In any case, it is realized by at least three consecutive wall-crossings whose wall relations are given by multiplying the respective inward normal vectors against the columns of Q. The two minimal isomorphic sequences of flips follow by the following chambers' adjacencies describes the locus of non-big divisors inside Nef(X 1 ). Then ϕ modifies the intersection properties of these divisors so that they are no more nef on X. This fact can be directly checked by observing that NE(X) = (G But V s = G(Q s ) ∈ M(s + 3, 4; Z) is a fan matrix of (s + 3)-dimensional toric varieties. As above |SF(V )| = 10 and 8 of these fans give smooth, projective, toric varieties of dimension n = s + 3 ≥ 4 and rank r = 4. The same choice of the chamber γ 10 = q 6 , w 2 , w 3 , w 4 gives a n-dimensional, smooth, projective, toric variety X = X(Σ 10 ) whose non-trivial nef divisors are big.
For a geometric description of X, let us proceed as above: where B is still a blow up in one point of P 1 ×P 1 and the same wall-crossings as above describe the equivariant birational equivalence and isomorphism in codimension 1 ϕ = ϕ 10 • ϕ 7 • ϕ 3 . Finally one can easily notice that [−K X ] ∈ Nef(X), for any s > 1.
